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Abstract 

Using the method given in Part I of this series (this volume, pp. 109-114), Grccn'.r iso- 
morphisms of the para-Fcrmi atgcbra F], with 2n generators into r + t arc constructed. 
All the representations of the para-Fcrmi algebra are realised in Fock space og'], of 2" 
Bose operators. 

!. Introduction 

in Part I of  this series (this volume, pp. 109-114), a constructive method 
was proposed for expressing the generators of the para-Fcrmi algebra as 
functions of the generators of the para-Bose algebra and for finding all the 
irreducible representations of  the para-Fermi algebra in the Fock space 
o f  Bose operators. 

Since no difficulties arise in applying the method for para-Fermi algebras 
with more than two generators in Part I, for simplicity the case of para- 
Fermi algebras F2"~ with two gcner~ttors only was considered. Using the  
simple matrix representation of the generators of the para-Fermi algebra 
F~ P of  arbitrary order of parastatistics p given by Green (1953), isomorphic 
mappings of F2" into t~v2~z were constructed.w In the Fock space .,Y'21 of 
two Bose operators all the irreducible representations of the para-Fermi 
algebra have been found; every subspace H,, n ~= 1, 2 . . . .  of.,~'21 spanned 
on the n-particle states of Bose operators is transformed irreducibly under 
the transformations induced by the para-Fermi algebra with parastatistics 
n. A consistent interpretation was given of the vectors of this subspace as 
states ofpara-Fermi operators with parastatistics n. So the Fock space 3f'2 ~ 

t On leave of absence from the Institute of Physics, Bulgarian Academy of Sciences, 
Sofia, Bulgaria. 

:g For F~ p in Part I the notation F" was used. 
w See Part l, equation (3.1), p. I I I. 
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was decomposed into a direct sum of spaccs H.  spanned on the states of 
para-Fermi operators with parastatistics n = I, 2 . . . . .  

Since, for physical application, systems of  many Fermi  particles in 
different states are needed, in the present paper, using the method proposed 
in Part I, we construct the explicit formulas of  the isomorphisms of  FI, 
(the Fermi algebra with 2n generators) in the form of equation (3.1) of 
Part I t  and we find all the repi'esentations of the para-Fermi algebra with 
2n generators in the Fock space.9r of 2" Bose operators. 

In Section 2 of the present paper we find a simple matrix representation 
of  the algebra F~,, and making use of it we construct the desired isomorph- 
isms. The representations of F~, in the space . ~ .  are found in Section 3. 

Everywhere in this paper we shall follow the notations introduced in 
Part i, ~xcept when we have explicitly stated otherwise. 

2. Matrix Representation of the Algebra F~, and 
Isomorphic Mapping of Ft2, into ~2), 

Let us introduce the following 2" | 2" matrices: 
4- + 

(F | ) r .  j = (F'|)&.!~. l.lt 21t_,..i.l , ~ l ~ 2 1 t _ , . t .  I 

= . . - s . , , , ,  . . .  s , . , .  ( 2 . t )  
+ 

F ,  ---- (F , )  T 

where i = I, 2 . . . .  , n; and the indices r, s = 1,2, 3 . . . . .  2" are written in binary 
arithmetics, t~,, v, = 0, 1 for k = i . . . . .  n; O(x) = 0 for x < 0, 1 for x > 0; 8~,, 
being the Kronecker symbol. Then the following proposition is correct: 

Proposition 
The set (2.1) of  2.n matrices forms a Fermi algebra. 

Proof" Indeed the commutation relations of  the matrices (2.1) are those of 
a Fermi algebra. For definiteness, le t j  > i. 

4, 4- 4, + § 4. 

(It,, YJ+),, (r,),0(FA, + 

�9 =t-O'-,+~ *-~,, ~l--KOO(l--t~j) 

�9 8,,, ,,i " ' "  8 , , , , ,+1  " '"  8 , . , , . .  8,, ,  ~ - ' .  8, , ,  ,,,.'-I " ' "  8 , ,  ,,,,, 

- ,- s "i+ ~T 
t -o , -J+,  ,-,., "O(l -Kj)O(I -t~,) 

.8 ,~  ,,, . . .  ~'.l','.r"l "" -.,S,. ,,. 8,, ,  m " '"  8,,, , , ,+, " "  8, , ,  ,.,. 

. 8 , ,  ~,, . .  �9 8 , , , , + ,  - ' .  8,j ~,:., " "  8 , .  , .  

- 0  

t ,~e  p. i11. 
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[~] All the other commutation relations are checked in the same way. 
From the theorem in Part I (p. I I I) it follows that the mappings 

" ' " "[b~ b '  ] 
F I . - - . . P a - O  . + 

4, 

= (2.2) 
I " ~ 2 )  of F~. into t2-., are Green isomorphisms. 

+ 

For the ease q = !, b~, bj being Bose operators, these isomorphisms are 
reduced to isomorphisms of lr[, into r 

6 : . ~ ' , =  ~ ( - I ) * ~ " ~ ' 0 (  I - l ~ , ) b ~  ~ .2"- ,+2 , - ,+ ,b~  ~ .2 . - ,+ ,  (2 .3)  
I l l  . . . .  . p=-O t-- t  IL--I 

§ 

.W, = ( J4` 
+ + 

So the operators ,~'~, .~,,  obtained by Fl, FI through the Green iso- 
morphisms, form pa~-Fermi algebra. 

3. Realisation of the Representations of the para-Fermi 
Algebra F~ into the ,Cock Space ~'~, of the 

para-Bose Algebra B~,,t 

Now we shall show that using the prescription given in Part I we can 
find all the representations of the para-Fermi algebra (2.3) in the Fock 
~ace  o f t  Bose operators. 

The basis of the Fock space, as in the previous case, is given in the form 
§ 

I"n . . . .  ' *c2") = ]- |  V'(~j! )  ' -"  (3.1)  

In order to write the basis (3.1) inbinary arithmetics we must substitute 
r the indexj by the corresponding expression from these arith- 
metics. Then the action in Yfl, induced by the operators (2.3) is the 
following: 

+ I I t  
= Y (-]) . -r+,  ", a(t 

P I . - . . , P s - O  

I"t . . . .  . a ~ ~ 21-,+l - 1, . . . ,  ~ ~ ~,. 2t-,+2,-,+z + i . . . . ,  ",)  
I la l  1~1 

and an analogous expression for the action of the operator.~'t. 
Then from (3.2) it follows that 

4- 

,~4(bt)'[0) -ffi 0, i -ffi 1, 2 . . . . .  n (3.3) 
8 
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4. 

So the vector (bt~[0)  can be considered as a vacuum for the operators 
�9 :P't, i =  ! . . . . .  n in the subspace H,,, m = 1, 2 . . . .  o f  m-particle states of  2" 
Bose operators. This is consistent with the result obtained after applying 
the number-particle operatorst  on this state. 

Moreover, from (3.2) it follows that 
+ + 4. 

3r, .~ ' , (b,)"t0) = m(b,)"10> (3.4) 

So in the space spanned on the vectors 
ii 4- 4- 

Ira> = H (~,~'(b,)"10> (3.5) 
I - i  

(fl~ being arbitrary non-negative intege0 the transformations (3.2) form a 
para-Fermi algebra with parastatistics m. 

In this way, using the method proposed in Part 1, we derived all the 
representations o f tbe  para-Fermi algebra with 2n operators in the space of  
2" Bose operators. 

4. Discussion 

The foregoing mathematical procedure which follows from Part I 
enabled us to find the representation; of  para-Fermi algebra in the Fock 
space of  Bose operators and has the following consequence. A possibility 
is given fo:  reformulating physical theories in equivalent ones without 
fermions (and para-fermions). The old and the reformulated theories 
would be physically indistinguishable. 

Future papers will be devoted to further discussions of  the problem. 
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1' See Part !, equation(2.6), p. i 10. 


